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The homogenisation theory for periodic composites is generalised to the case of quasi-periodic compos-
ites. In quasi-periodic composites, the unit cell does not repeat throughout the medium but gradually
changes along one or more directions of periodicity (grading directions). Quasi-periodic composites are
thus to functionally graded materials (FGMs) what periodic composites are to statistically uniform com-
posite materials. Contrarily to most of the homogenisation methods applied to FGMs, the proposed sec-
ond-order homogenisation theory takes explicitly into account the grading at the micro-level. The
derived equivalent material happens to be a particular second gradient material in which few compo-
nents of the strain gradient (second gradient of the displacement) should be taken into account in addi-
tion to the classical strains (ﬁrst gradient of displacement). The second gradient theory therefore appears
as the natural framework to appropriately handle functionally graded materials at the macro-level. It is
worth mentioning that the presented second-order homogenisation procedure is somehow analogous to
the one developed for periodic composite materials submitted to rapidly varying macroscopic strain
ﬁelds as in regions of high gradients. In fact, both are a generalisation of the ﬁrst-order homogenisation
theory for periodic media and lead to a second gradient equivalent material. However, besides their dif-
ferent domains of application, they exhibit further substantial differences, which are highlighted in the
paper.
 2010 Elsevier Ltd. All rights reserved.1. Introduction
Functionally graded materials (FGMs) are composite materials
characterised by a spatial variation on the macroscale of the geo-
metric and/or constitutive properties of the microstructure. This
spatial variation is generally achieved in a single direction, either
continuously or in discrete steps. FGMs have been proved particu-
larly efﬁcient in applications involving severe thermal or mechan-
ical gradients such as thermal barrier coatings or contact surfaces
(Suresh, 2001).
Optimising such tailor-made materials ideally requires a micro-
mechanical model able to relate the macroscopic (homogeneous)
properties of the FGM to the graded (heterogeneous) microstruc-
ture. On their turn, these macroscopic properties can be used for
computing FGM structures when a ﬁne-scale computational model
is still out of reach. This strategy has been extensively applied in
the case of statistically uniform (i.e. non-graded) composite mate-
rials, giving rise to many powerful homogenisation methods rang-
ing from the simple rule of mixture (Voigt or Reuss models),
through more elaborated methods (e.g. Mori-Tanaka method,
self-consistent method) and bound estimates (e.g. Hashin-Strick-
man bounds), up to the asymptotic analysis for periodic mediall rights reserved.
u, armelle.anthoine@jrc.it.(Bensoussan et al., 1978), also applicable to statistically homoge-
neous media through the substitution of the unit cell by a repre-
sentative volume element (RVE), that is to say a material volume
that statistically represents the neighbourhood of a material point.
In a ﬁrst approximation, all these methods may also be applied
to a graded composite material, provided that the latter is divided
into a number of more or less statistically uniform layers of ﬁnite
thickness, perpendicularly to the direction of gradation. Then,
applying a traditional homogenisation method within each layer
leads to a layer-wise equivalent material (Reiter et al., 1997;
Vemaganti and Deshmukh, 2006), which may be ultimately re-
placed by a ‘‘homogeneous” material with continuously varying
properties. Actually, this last class of materials is intuitively the
most suitable for FGMs and is largely used in the literature (Suresh,
2001). Incidentally, a series of ﬁnite elements have been appositely
developed for representing materials exhibiting continuously vary-
ing mechanical properties (Kim and Paulino, 2002).
Yet, any classical homogenisation method can have at most lim-
ited validity in the case of FGMs since the grading is not accounted
for at the micro-level: in each layer, the homogenisation is per-
formed as if the layer were statistically homogeneous and sur-
rounded by identical layers. In particular, the result is insensitive
to the absolute size of the heterogeneities (no size effect) and the
homogenised material inexorably exhibits a local (although spa-
tially varying) behaviourwhereas a non-local (and spatially varying)
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how proportional to the grading rate. Eventually, classical homoge-
nisation methods become inapplicable to FGMs if the grading is too
rapidwith respect to the size of the heterogeneities. In that case, sta-
tistically homogeneous representative volume elements cannot be
exhibited anymore because theminimumsize of the representative
volume element exceeds the maximum size of the statistically
homogeneous volume element. Then, the grading cannot be ne-
glected at the micro-level since any representative volume element
is manifestly graded as well.
Micromechanical models for FGMs that explicitly account for
the grading at the micro-level do exist in the literature: A straight-
forward approach is to analyse directly the original heterogeneous
graded structure without recourse to a homogenised material.
Such analyses are very useful for identifying under which condi-
tions a homogenised material can or cannot be effectively em-
ployed (coarse microstructure, free edges, high gradients, etc.).
However, in a classical ﬁnite element code, such analyses may be-
come quickly cumbersome. For the speciﬁc case of FGMs, Aboudi
et al. (1999) developed an alternative numerical method, called
higher-order theory: In the more advance version (Zhong et al.,
2003), the heterogeneous graded structure is modelled by a bit-
map-like mesh of parallelepipeds (called subcells), each one being
made of one material. The use of the adjective higher-order in the
theory’s name refers to the use of a quadratic expansion for the dis-
placement in each subcell. The unknown coefﬁcients are not deter-
mined by minimising an energy expression but by enforcing only
in an average (integral) sense both the equilibrium equations with-
in each subcell and the continuity conditions at the interface be-
tween subcells. In the case of strongly heterogeneous media, the
higher-order theory has been proved more efﬁcient than the clas-
sical ﬁnite element method.
A different approach consists in extending micromechanical
models originally developed for statistically uniform random com-
posites to the case of statistically non-uniform (graded) random
composites. For example, Zuiker and Dvorak (1994) extended the
Mori-Tanaka method to linearly varying ﬁelds and derived a gener-
alised constitutive relation relating the average stress and average
stress-gradient in a RVE to the average strain and average strain-
gradient. This relation depends on the size of the representative
volume element and, in the case of grading, exhibits coupling be-
tween the constant and gradient components. Other generalisa-
tions of existing micromechanical models may be found in
Buryachenko and Rammerstorfer (2001), Luciano and Willis
(2004), Yin et al. (2006).
In this paper, the homogenisation theory for periodic media
(Michel et al., 1999) is generalised to the case of quasi-periodic
media. Here, the term quasi-periodicity means that the microstruc-(a)
(c)
2x
1x
Fig. 1. Quasi-periodic materials with varying inclusion size (a), inclusion spacing (b) or in
unit cell (centre) and may be associated to the same periodic material (d).ture characterised by the unit cell, is not invariant along all the
directions of periodicity but gradually evolves along one direction
(grading direction), either in terms of geometry or in terms of
material properties or both. Thus, quasi-periodic media are to func-
tionally graded materials what periodic media are to statistically
homogeneous materials.
Different quasi-periodic materials are illustrated in Fig. 1: They
all refer to common features characterising FGMs such as non-uni-
form inclusion size (a), non-uniform inclusion spacing (b) or non-
uniform inclusion material (c). These materials are rigorously peri-
odic along the vertical direction x2 but only quasi-periodic along
the horizontal direction x1. Actually, they all may be considered
as alterations of a purely periodic composite material (Fig. 1d),
the unit cell of which (Fig. 1, centre) does not repeat throughout
the medium but gradually changes along the grading direction
x1. The complete description of a quasi-periodic medium requires
the description of all successive cells in the grading direction. In
practice, this can be done by deﬁning a generic basic cell together
with the spatial variation of the graded parameter(s): for instance,
in Fig. 1a, the graded material can be fully described by a rectangle
of ﬁxed size with a centred circular inclusion of radius r, where r is
a function of x1. In Fig. 1b, the graded parameter is not the radius
of the inclusion but the length of the rectangle, while in Fig. 1c
the graded parameters are the mechanical characteristics of the
inclusion (e.g. Young modulus and/or Poisson ratio).
As mentioned before, the classical (ﬁrst-order) homogenisation
theory for periodic media can be applied to quasi-periodic media
provided that, in the grading direction, two consecutive cells are
almost identical. In that case, the homogenisation is performed
in several material points along the grading direction, as illustrated
in Fig. 2. The neighbourhood of each material point being almost
periodic, it can be characterised by one particular unit cell, which
can be a unit cell near the centre of the neighbourhood (Fig. 2) or
an ‘‘average” unit cell over the neighbourhood (in a certain sense
to be deﬁned). The homogenisation is then performed as if this unit
cell were embedded in a rigorously periodic material, i.e. neglect-
ing the grading at the micro-level. In other words, each unit cell
does not ‘‘perceive” that some (or all) neighbouring cells are differ-
ent so that the homogenised behaviour is purely local. The grading
is nevertheless maintained at the macro-level because the homog-
enised material still reﬂects the spatial variation of the unit cell
from one material point to another. Once the homogenised behav-
iour has been determined in several material points along the
grading direction, different interpolations may be adopted (e.g.
piecewise constant, piecewise linear, exponential, etc.). Clearly,
this approach is suitable only when the grading is slow at the scale
of the unit cells. When this is not the case, either because the grad-
ing is too rapid or because the unit cells are not so small, the grad-(b)
(d)
clusion material (c) along x1: locally, all materials may be characterised by the same
HOMOGENIZATION 
Unit cells 
Homogeneous 
materials
Equivalent FGM with layer-wise uniform effective properties 
Equivalent FGM with continuously varying effective properties 
Heterogeneous materials with discretely graded microstructure 
Fig. 2. Application of the classical (ﬁrst-order) homogenisation theory for periodic materials to quasi-periodic materials.
(a) 
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Fig. 3. Passing from the RVE (single unit cell) of a periodic material (a) to the RVE
(N-tuple unit cell) of a quasi-periodic material (FGM) with varying mechanical (b –
inclusion material) or geometrical (c – inclusion size or d – inclusion spacing)
properties in one direction.
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pose of the proposed second-order homogenisation theory.
2. Heuristic derivation of the second-order homogenisation
theory
The second-order homogenisation theory is here derived in a
rather intuitive way, using only basic mechanics and mathematics.
Most technical aspects such as functional settings, existence and
uniqueness theorems, convergence properties, etc., are deliberately
omitted.
For the sake of simplicity, two-dimensional media are consid-
ered, e.g. three-dimensional media under the plane strain
assumption.
2.1. Description of a composite media quasi-periodic in one direction
The ﬁrst issue to be addressed is the identiﬁcation of a repre-
sentative volume element (RVE) in a given material point of a qua-
si-periodic medium, that is to say a portion of material that
statistically represents the neighbourhood of this material point.
In the case of a periodic medium, the RVE can be reduced to the
so-called unit cell (e.g. a rectangle) because the neighbourhood
(and also the whole material) may be exactly derived by the trans-
lation of this unit cell along the two directions of periodicity
(Fig. 3a). In the case of a quasi-periodic medium, as mentioned ear-
lier, the neighbourhood of each material point can still be charac-
terised by a similar unit cell but only approximately because the
neighbourhood derived by the translation of this unit cell along
the directions of periodicity and quasi-periodicity, is perfectly peri-
odic, whereas the actual neighbourhood is slightly graded. In other
words, the statistical average (0th moment) of the neighbourhood
can be characterised by a single unit cell but its grading (1st mo-
ment) cannot, because a single unit cell does not contain any infor-
mation about the grading. To include information on the grading in
a neighbourhood, more than one unit cells must be considered
along the grading direction. Again, several choices are possible: it
can be two or three (Fig. 3b–d) or more consecutive cells near
the centre of the neighbourhood or a graded unit cell resultingfrom an ‘‘average” over the neighbourhood (in a certain sense to
be deﬁned).
The choice of a RVE for characterising the neighbourhood of a
material point in a quasi-composite medium can be compared to
the method for approximating a slowly varying stepwise function
over a given interval: if the step variation (i.e. the gradient) is neg-
ligible within the interval, the function can be approximated by a
constant function whose value may be the step value at the inter-
val mid-point or the average step value over the interval. To ac-
count for the step variation within the interval, the simplest
approximation is a linear function which may be determined by
two (or three or more) consecutive step values around the interval
mid-point or by an averaging method over the interval (e.g. least-
square). Of course, the resulting approximation generally depends
on the adopted method and, possibly, on the size of the interval
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grading). Similarly, the (second-order) homogenised material will
generally depend on the choice of the RVE (double cell, N-tuple
cell, average graded cell) and possibly on the size of the neighbour-
hood. The precise study of these dependences and of possible con-
vergence properties is however beyond the scope of this paper. It is
nevertheless anticipated that the size of the neighbourhood should
be somehow related to the size of the ﬁnite elements used at the
macroscopic level.
In the present paper, the second-order theory is presented for
an N-tuple unit cell where N P 2 and remains valid for any
graded RVE. The double cell, obtained for N ¼ 2, happens to be
the smallest volume element representative not only of the local
microstructure but also of the local variation of this microstruc-
ture in the grading direction (x1). The boundary of the N-tuple
cell can still be divided into two pairs of opposite sides corre-
sponding to each other through a translation along x1 or x2. How-
ever these two pairs of sides are not equivalent since only the
sides normal to the x2-axis are related by periodicity. If the sides
normal to the x1-axis were also related by periodicity, then the N-
tuple cell would not characterise a graded material but a periodic
one (with a longer period in x1) as shown on Fig. 4 for triple cells.
Therefore, the boundary conditions on the sides normal to the x1-
axis cannot be the classical (periodic) ones but should be gener-
alised in order to reﬂect the grading along the x1-axis. In the fol-
lowing, the N-tuple cell dimensions will be taken as 2l in the x1
direction and h in the x2 direction, the reference frame being
put at the geometric centre of the cell. Furthermore, the adjective
‘‘N-tuple” will be omitted and the term cell will designate a
graded RVE in general.
2.2. Kinematics: quasi strain-periodic displacements and generalised
macroscopic strains
Suppose now that a rectangular specimen made of functionally
graded composite media is subjected to a globally homogeneous
stress state R (Fig. 5, left). Such a stress state could be approxi-
mately achieved with an experimental set-up made up of a reac-
tion frame and two pairs of inﬂatable pressurised pads imposing
a uniform pressure on each pair of opposite sides of the specimen
without any displacement restrain (Fig. 5, right). The original shear
stress component would then be obtained by making the lay-up
angle h of the specimen coincide with the angle between the grad-
ing direction and the ﬁrst principal direction of R. In practice, biax-
ial compression states would be easier to apply since tension states
would require the pads to be glued both on the specimen and on
the reaction frame.2x
1x
Fig. 4. Depending on the boundary conditions, the same N-tuple cell may represent
a graded material in the x1-direction (top) or a periodic material with a larger
period in x1 (bottom).Far from the boundary of the specimen, two neighbouring cells
lying on the same abscissa with respect to the grading direction are
identical and undergo the same loading conditions, therefore they
deform in the same way. In particular, they must ﬁt together in
their common deformed state so as to ensure strain compatibility
between them. This means that the opposite sides normal to the
x2-axis can be superimposed in their deformed states. In other
words, the displacement ﬁelds on the two opposite sides normal
to the x2-axis must be equal up to a rigid displacement. This is ex-
pressed by
8x1 2 ½l; l;u x1; h2
 
 u x1; h2
 
¼ T2 þ R23x1e2 ð1Þ
where T2 is a translation vector and R23 is a rotation constant (Fig. 6,
left). Here and subsequently, the superscript number stands for the
direction considered, i.e. x2 here.
Conversely, two neighbouring cells lying on different abscissas
are slightly different and, therefore, deform in a slightly different
way even if they are subjected to the same average stress state.
In a ﬁrst approximation, the slight difference between the two
strain ﬁelds may be assumed uniform. The strain compatibility be-
tween them thus implies that the opposite sides normal to the x1-
axis can be superimposed in their deformed states up to a uniform
strain F1. This is expressed by
8x2 2  h2 ;
h
2
 
;uðl; x2Þ  uðl; x2Þ ¼ T1  R13x2e1 þ F122x2e2 ð2Þ
where T1 is a translation vector, R13 a rotation constant and F
1
22 a uni-
form elongation along x2 (Fig. 6, right). Note that the two other
components of F1 do not appear in (2) because F111 does not affect
the shape of a vertical side while F112 has the same effect as a rigid
rotation and thus cannot be distinguished from R13.
Of course, each corner of the cell must undergo the same dis-
placement when considered to belong either to a horizontal or a
vertical side. This means that relations (1) and (2) must be compat-
ible when written for extreme values of x1 and x2:
u l;
h
2
 
 u l; h
2
 
¼ T2 þ R23le2
u l; h
2
 
 u l; h
2
 
¼ T2  R23le2
u l;
h
2
 
 u l; h
2
 
¼ T1  R13
h
2
e1 þ F122
h
2
e2
u l; h
2
 
 u l; h
2
 
¼ T1 þ R13
h
2
e1  F122
h
2
e2
ð3Þ
This is ensured if
R13 ¼ 0
R23 ¼
h
2l
F122
ð4Þ
The relations (1) and (2) thus reduce to
8x1 2 ½l; l;u x1; h2
 
 u x1; h2
 
¼ T2 þ F122
hx1
2l
e2
8x2 2  h2 ;
h
2
 
;uðl; x2Þ  uðl; x2Þ ¼ T1 þ F122x2e2
ð5Þ
A displacement ﬁeld u satisfying (5) will be said strain-periodic in
x2 and quasi strain-periodic in x1. Such a displacement ﬁeld may
be written in the following form:
u1ðx1; x2Þ ¼ E11x1 þ E12x2  K221 x
2
2
2
þ up1ðx1; x2Þ
u2ðx1; x2Þ ¼ E21x1 þ E22x2 þ K221x1x2 þ up2ðx1; x2Þ
ð6Þ
1x
2x
1x
2x
2T
2
3R
1T1
3R
1
22F
Fig. 6. Strain compatibility in the x2-direction (left) and strain quasi-compatibility in the x1-direction (right).
12
22
IΣIIΣ
IIΣ
IΣ21Σ
11Σ
Fig. 5. Applying a globally homogeneous stress state on a functionally graded specimen.
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ment ﬁeld, i.e. up takes equal values on the boundary points related
by periodicity or quasi-periodicity:
8x1 2 ½l; l;up x1; h2
 
¼ up x1; h2
 
8x2 2  h2 ;
h
2
 
;upðl; x2Þ ¼ upðl; x2Þ
ð7Þ
Note that, in (6), the quadratic term appearing in the expression of
u1 is periodic and, as such, could be hidden in u
p
1. Keeping it apart
does not change the deﬁnition of u but will lead to simpler expres-
sions later on. The equivalence between (5) and (6) is obtained by
taking
E11 ¼ T11=2l
E21 ¼ T12=2l
E12 ¼ T21=h
E22 ¼ T22=h
K221 ¼ F122=2l
ð8Þ
Relations (8) show that E11 is the mean elongation of the cell along
the x1-axis and, more generally, that E is the mean (ﬁrst) gradient of
displacement. In particular, the symmetric part of E is the mean
strain tensor of the cell while the anti-symmetric part of E corre-
sponds to a global rigid rotation of the cell. Similarly, the constant
K221 may be interpreted as the mean gradient of E22 along the x1-axis, that is the mean of the component 221 of the strain gradient
tensor jðuÞ deﬁned as
jabcðuÞ ¼ eab;cðuÞ ¼ 12 ðua;bc þ ub;acÞ ð9Þ
This interpretation of E and K221 is consistent with the intuitive def-
inition of the average hQi of a quantity Q deﬁned on the cell domain
S:
hQi ¼ 1jSj
Z
S
Q ds ð10Þ
where jSj ¼ 2lh is the area of the cell domain. If Q stands for the gra-
dient of displacement ru, one gets
hrui ¼ 1jSj
Z
S
ruds ð11Þ
From (6) it follows that
ru ¼ Eþ K221 0 x2
x2 x1
 
þrup ð12Þ
Substituting (12) into (11), one gets
hrui ¼ Eþ K221 0 hx2ihx2i hx1i
 
þ hrupi ð13Þ
In the right-hand side of (13), the term in K221 is zero because the
origin of the axes has been chosen at the geometric centre of the cell
domain. Also the term involving the periodic displacement ﬁeld is
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of completeness. Using the divergence theorem, the deﬁnition of
hrupi is transformed into a boundary integral
hrupi ¼ 1jSj
Z
S
rup ds ¼ 1jSj
I
@S
u ndl ð14Þ
The tensor up  n is anti-periodic, i.e. takes opposite values on the
boundary points related by periodicity or quasi-periodicity, because
up is periodic and n, the external vector normal to the cell boundary,
is anti-periodic. Thus, the boundary integral in (14) vanishes and E
turns out to coincide with the average of ru and the symmetric
part of E with the average of eðuÞ:
hrui ¼ E) heðuÞi ¼ symðEÞ ð15Þ
Now, if Q stands for the component 221 of the stain gradient tensor
jðuÞ, one gets
hj221ðuÞi ¼ 1jSj
Z
S
j221ðuÞds ð16Þ
From (6) and the deﬁnition (9) of jðuÞ, it follows that
j221ðuÞ ¼ K221 þ up2;21 ð17Þ
Substituting (17) into (16), one gets
hj221ðuÞi ¼ K221 þ 1jSj
Z
S
up2;21 ds ð18Þ
In the right-hand side of (18), the integral involving the periodic
displacement ﬁeld can be transformed into a boundary integral,
which is successively reduced to the sides where the component
n1 is not zero, i.e. the two sides perpendicular to the x1-axisZ
S
up2;21 ds ¼
I
@S
up2;2n1 dl ¼
Z h=2
h=2
up2;2ðl; x2Þ  up2;2ðl; x2Þ
 
dx2 ð19Þ
On these sides, the periodicity of the function up2 implies the period-
icity of its tangential derivative up2;2. In fact, since the functions
up2ðl; x2Þ and up2ðl; x2Þ coincide on the interval x2 2  h2 ; h2
 	
, their ﬁrst
derivatives up2;2ðl; x2Þ and up2;2ðl; x2Þ coincide too. Thus the integral
in (19) vanishes and K221 turns out to coincide with the average
of j221ðuÞ:
hj221ðuÞi ¼ K221 ð20Þ
The same result may be obtained by using, instead of (19), the fol-
lowing identity:Z
S
up2;21 ds ¼
Z
S
up2;12 ds ¼
I
@S
up2;1n2 dl
¼
Z l
l
up2;1ðx1;h=2Þ  up2;1ðx1;h=2Þ
 
dx1 ¼ 0 ð21Þ
It is interesting to note that, owing to (4), K221 is also equal to R
2
3=h,
which looks like the mean gradient of rotation along the x2-axis,
that is to say the mean of the second component of the gradient
of rotation ~jðuÞ deﬁned as
~jaðuÞ ¼ 12 ðu2;1a  u1;2aÞ ð22Þ
However, K221 does not generally coincide with the average of
~j2ðuÞ. From (6) and the deﬁnition (22) of ~jðuÞ, it follows that
~j2ðuÞ ¼ K221 þ 12 u
p
2;12  up1;22
 
ð23Þ
so that
h~j2ðuÞi ¼ K221 þ 12jSj
Z
S
up2;12 ds
1
2jSj
Z
S
up1;22 ds ð24ÞFrom (21), the ﬁrst integral vanishes whereas the second one re-
duces toZ
S
up1;22 ds ¼
I
@S
up1;2n2 dl
¼
Z l
l
up1;2ðx1;h=2Þ  up1;2ðx1;h=2Þ
 
dx1 ð25Þ
but does not vanish in general because the periodicity of the func-
tion up1 does not imply the periodicity of its normal derivative u
p
1;2.
For instance, up1ðx1; x2Þ ¼ x22 is periodic on the basic cell, butR
S u
p
1;22 ds ¼ 2jSj.
Upon introducing (15) and (20) into (6), the following deﬁnition
can be derived:
u quasi strain-periodic
() ua  heabðuÞixb  d2ahja21ðuÞix1x2 periodic ð26Þ
This deﬁnition does generalise the classical strain-periodicity
through the addition of one quadratic term. If this additional term
is set to zero, the classical stain-periodicity condition is recovered.
At this point, it is worth wondering why only one of the six inde-
pendent components of the mean strain gradient appears. The qua-
si-periodicity in the x1 direction would let us expect to have also the
components K111 and K121. Actually, these components do exist (are
not zero) but are hidden in the periodic displacement ﬁeld because
K111 and K121 are associated to the following displacement ﬁeld:
u1ðx1; x2Þ ¼ K111 x
2
1
2
u2ðx1; x2Þ ¼ K121x21
(
ð27Þ
which happens to be periodic because it is independent of x2 and
symmetric in x1 with respect to the geometric centre of the cell do-
main. Thus, the value of K111 and K121 cannot be imposed a priori
but can nevertheless be computed a posteriori, through a formula
analogous to (16). The same ‘‘problem” appears in the case of peri-
odic material subjected to rapidly varying macroscopic strain ﬁelds
(Kouznetsova, 2002). In that case, since the full strain gradient is
considered necessary at the macro-level, additional conditions are
imposed on the periodic displacement ﬁeld in order to force all
the components of the strain gradient to appear explicitly in (26).
However, in the present case, we seek for the simplest macro mod-
elling able to account for the grading. Thus only the averages
appearing necessarily in (26) will be kept at the macro level so that
closed-form constitutive relations might be easier to formulate.
In the foregoing, the equations involving second derivatives of u
or up implicitly require that these microscopic displacement ﬁelds
are of class C1. However, these equations remain valid for displace-
ment ﬁelds of class C0 provided that the contribution of possible
discontinuities of the strain ﬁeld is added wherever necessary.
For example, deﬁnition (16) then becomes
hjijkðuÞi ¼ 1jSj
Z
S
eij;kðuÞdsþ
Z
C
seijðuÞtnk ds
 
ð28Þ
where C stands for the lines of normal n along which the strain is
discontinuous, seijðuÞt being the jump of strain, i.e. eijðuÞjxþ  eijðuÞjx
for n oriented from x to xþ. Note that both deﬁnitions (16) and
(28) can be replaced by
hjijkðuÞi ¼ 1jSj
Z
@S
eijðuÞnk dl ð29Þ
With this last expression, it can be veriﬁed that the ﬁnal deﬁnition
(26) remains valid for displacement ﬁelds of class C0. This is essen-
tial since the cell is usually modelled as a classical (ﬁrst-order)
continuum.
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Fig. 7. Macroscopic stresses interpreted as average moments (of order 0 or 1) over
the boundaries of the cell domain.
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The macroscopic stress variables, i.e. the dual quantities of the
macroscopic strain variables E and K221, can be deﬁned through
the Hill-Mandel macro-homogeneity condition stating that the
average of the microscopic internal (virtual) work must equal the
macroscopic (virtual) work. The average of the microscopic inter-
nal work is given by the classical expression
W ¼ 1jSj
Z
S
r : eðuÞds ð30Þ
Substituting eðuÞ from (6), W may be transformed into
W ¼ symðEÞ :
Z
S
rdsþ K221
Z
S
r22x1 dsþ
Z
S
r : eðupÞds ð31Þ
As in the classical homogenisation theory, the last integral in (31)
should vanish because it corresponds to the contribution of the
periodic displacement ﬁeld up. Using successively the symmetry
of the micro stress tensor r, the divergence theorem and the fact
that the micro stress ﬁeld satisﬁes the equilibrium equations, this
integral may be transformed into a boundary integralZ
S
r : eðupÞds ¼
Z
S
rabupa;b ds
¼
I
@S
rabupanb dl
Z
S
rab;bupa ds ¼
I
@S
rabupanb dl ð32Þ
In (32), the integrand is the scalar product of two vector ﬁelds, up
which is periodic and the stress vector r  n, which should therefore
be anti-periodic. The normal vector n being by deﬁnition anti-peri-
odic, the micro stress ﬁeld should be periodic, i.e.
8x1 2 ½l; l;ri2 x1; h2
 
¼ ri2 x1; h2
 
8x2 2  h2 ;
h
2
 
;ri1ðl; x2Þ ¼ ri1ðl; x2Þ
ð33Þ
The macro-homogeneity conditions thus reads
W ¼ 1jSj
Z
S
r : eðuÞds ¼ R : EþM221K221 ð34Þ
where
R ¼ 1jSj
Z
S
rds
M221 ¼ 1jSj
Z
S
r22x1 ds
ð35Þ
Besides the classical macroscopic stress tensor R, deﬁned as the
average of the microscopic stress ﬁeld over the cell, there appears
the work conjugate of the mean strain gradient K221, i.e. the macro-
scopic double stress component M221. This quantity happens to be
the average ﬁrst moment over the cell (with respect to the vertical
axis passing through the centre of the cell) of the microscopic stress
r22, i.e. the component 221 of the third-order tensor
Mabc ¼ 1jSj
Z
S
xarbc ds ð36Þ
Here, the term ﬁrst moment should be understood in a statistical
sense, considering each component rabðx1; x2Þ as a scalar function
deﬁned on the domain ½l; l  ½h=2;h=2 : Mabc is the ﬁrst moment
of rab with respect to the direction orthogonal to xc, i.e. hrabxci, just
like Rab is the average (moment of order 0) of rab, i.e.
hrabi ¼ hrabx0ci. The following notation can thus be adopted:R ¼ hri ¼ 1jSj
Z
S
rds
M ¼ hr xi ¼ 1jSj
Z
S
r xds
ð37Þ
Alternatively, the macroscopic stresses R and double stress
M221 may be computed as boundary integrals. With the following
identities:
rab ¼ ðracxbÞ;c  rac;cxb ¼ ðracxbÞ;c
r22x1 ¼ ðx1x2ra2Þ;a 
1
2
x22r1a

 
;a  x1x2r2a;a þ
1
2
x22r1a;a
¼ ðx1x2ra2Þ;a 
1
2
x22r1a

 
;a
ð38Þ
which have been simpliﬁed as r is divergence free, the surface inte-
grals in (35) are transformed through the divergence theorem into
Rab¼ 1jSj
I
@S
racncxbdl
M221¼ 1jSj
I
@S
x1x2r2anadl 12jSj
I
@S
x22r1anadl¼
1
jSj
I
@S
x1x2r2anadl
ð39Þ
In the second equation, the second integral vanishes because the
integrand is anti-periodic (product of x22 which is periodic and
r1ana which is anti-periodic). The expressions (39) can be further
elaborated by taking into account the rectangular shape ð2l hÞ of
the basic cell S and the anti-periodicity of the stress vector r  n:
Ra1¼1h
Z h=2
h=2
ra1ðl;x2Þdx2
Ra2¼ 12l
Z l
l
ra2 x1;
h
2
 
dx1
M221¼ 12l
Z l
l
r22 x1;
h
2
 
x1dx1þ1h
Z h=2
h=2
r21ðl;x2Þx2dx2¼ eM221þ eM212:
ð40Þ
As in the classical ﬁrst-order homogenisation theory, any macro-
scopic stress component Rab can thus be computed as the average
of the corresponding stress vector component on the appropriate
side of the cell (Fig. 7a–c). The macroscopic double stress compo-
nent M221 can be expressed as the sum of two boundary integrals:
the ﬁrst one corresponds to the average moment (also in a mechan-
ical sense) of the stress vector on the horizontal side with respect to
2x
1x
2x
1x
2x
1x
2x
1x
11E
22E
12 21E E=
221K
)b()a(
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Fig. 8. Macroscopic strains interpreted as linear or quadratic displacement ﬁelds
(constant or linear microscopic strains).
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homogeneous to a moment, cannot be given a so straightforward
mechanical interpretation. In fact, it corresponds to the so-called
double-stress along the x2-axis, that is the average moment (in a
statistical sense) of the distribution of shear stresses along the ver-
tical side with respect to its midpoint ( eM212 in Fig. 7d).
2.4. Second-order homogenisation and equivalent homogeneous
material
Let us consider again the problem of a rectangular specimen
made of a functionally graded composite medium and subjected
to a globally homogeneous stress state. From the macro-homoge-
neity condition (34), such a macroscopic stress state is composed
of the classical stresses R and of the double stress M221. Actually,
the testing set-up (Fig. 5) is not foreseen to apply a value of M221
different from zero but it could be modiﬁed to do so. The boundary
conditions established in the previous sections make it possible to
study this problem within single cells along the grading direction
rather than on the whole specimen. In order to ﬁnd r and u every-
where in a cell domain S, equilibrium conditions and constitutive
relationships must be added. Thus the so-called localisation prob-
lem to be solved is
divr ¼ 0 on S
r ¼ fðeðuÞÞ on S ðconstitutive law under plane strainsÞ
r periodic on @S ðr  n anti-periodic on @SÞ
ua  heabðuÞixb  d2ahja21ðuÞix1x2 periodic on @S
ð41Þ
under the stress controlled loading
hri ¼ R; R given
hr xi221 ¼ M221; M221 given
ð42Þ
In (41), the constitutive law f is a function periodic in x2 and quasi-
periodic in x1 since it describes the behaviour of the different mate-
rials present in the cell domain. To each macroscopic loading
ðR;M221Þ correspond a macroscopic strain E ¼ heðuÞi and a macro-
scopic strain gradient K221 ¼ he22;1ðuÞi, thus leading to a macro-
scopic relationship of the form ðE;K221Þ ¼ cHðR;M221Þ. Hence, the
equivalent homogeneous material is a particular second gradient
material in which only one component of the strain gradient,
namely K221 = E22,1, should be taken into account in addition to
the classical strains (ﬁrst gradient of displacement). A similar prob-
lem is obtained when replacing the purely stress controlled loading
(42) by a purely strain controlled one:
heðuÞi ¼ E; E given
hj221ðuÞi ¼ K221; K221 given
ð43Þ
The macroscopic relationship is then obtained in the form
ðR;M221Þ ¼ CHðE;K221Þ. The three macroscopic strain quantities Eab
can be associated to a linear displacement ﬁeld (i.e. constant strain
ﬁeld) whereas to the quantity K221 corresponds a quadratic dis-
placement ﬁeld (i.e. linear strain ﬁeld). These ﬁelds coincide with
the non-periodic part of Eq. (6) and are visualised in Fig. 8. More
generally, the problem (41) can also be solved under mixed loading
conditions, whereby stress and strain control is applied simulta-
neously on non-conjugate macroscopic quantities, or proportional
loading conditions, in which a radial path is followed in the macro-
scopic stress (or strain) space or subspaces.
The second-order localisation problem admits two special
cases, both resulting from the elimination of the additional term
M221K221 in the macro-homogeneity condition (34). On the one
hand, if K221 is set to zero, the classical ﬁrst-order homogenisation
is recovereddivr ¼ 0 on S
r ¼ fðeðuÞÞ on S ðconstitutive law under plane strainsÞ
r periodic on @ S ðr  n anti-periodic on @SÞ
ua  heabðuÞixb periodic on @S
hri ¼ R;R given or heðuÞi ¼ E;E given
ð44Þ
so that the equivalent homogeneous material is a classical (ﬁrst gra-
dient) material also corresponding to the periodic (non-graded)
material characterised by the same cell domain. On the other hand,
setting M221 to zero corresponds to the loading conditions of the
testing set-up (Fig. 5), i.e.
divr ¼ 0 on S
r ¼ fðeðuÞÞ on S ðconstitutive law under plane strainsÞ
r periodic on @S ðr  n anti-periodic on @SÞ
ua  heabðuÞixb  d2ahja21ðuÞix1x2 periodic on @S
hri ¼ R; R given or heðuÞi ¼ E; E given
ð45Þ
The equivalent homogeneous material is again a classical (ﬁrst gra-
dient) material, but is generally different from the one obtained
through the classical (ﬁrst-order) homogenisation. In fact, the con-
dition (26) is weaker than the classical strain-periodicity condition
since a strain-periodic displacement ﬁeld is a fortiori quasi strain-
periodic. As a consequence, the solution of (45) is generally differ-
ent (less stiff) from the classical homogenisation solution of (44) be-
cause it minimises the same functional over a larger set of
admissible displacement ﬁelds. The problems (44) and (45) may
be respectively interpreted as the ‘‘plane strain-gradient” and
‘‘plane double-stress” formulations of the original problem (41), in
analogy to the plane strain and plane stress formulations of a 3D
problem. This will be illustrated on simple examples in the next
section.
In general, the second-order homogenisation theory applies in
the same cases where the classical ﬁrst-order theory does, i.e.
when the macroscopic stresses induced by the structural load vary
slowly within the structure so that it may be considered constant
at the scale of each RVE. In practice, this is generally satisﬁed if
the size of the RVE is very small compared to the size of the struc-
ture or if the structural load is such that the induced macroscopic
stresses vary slowly at the scale of the RVE: an extreme example is
the testing set-up of Fig. 5b inducing a constant macroscopic stress
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of application of the second-order homogenisation procedure
developed for statistically homogeneous composite materials sub-
jected to strong gradients of deformation (Forest, 2002; Kouznets-
ova et al., 2002). In the latter case, the strain gradient is induced by
the loading whereas, in the present case, it is induced by the mate-
rial characteristics.
According to the presented second-order homogenisation
procedure, a two-dimensional (plane strain) composite material
graded in the x1 direction is equivalent to a particular second gra-
dient material in which only one component of the strain gradient,
namely e22;1, should be taken into account in addition to the clas-
sical strains (ﬁrst gradient of displacement). To the author’s
knowledge, this possibility (strain gradient modelling of FGMs)
has been scarcely investigated: the rare papers available deal with
a mode III crack (Paulino et al., 2003; Chan et al., 2008) or a screw
dislocation (Lazar, 2007) in a FGM within the framework of gradi-
ent elasticity. In both cases, the stain-energy density of the FGM is
postulated by assuming the spatial variation of the material
parameters appearing in the strain-energy density of a homoge-
neous strain-gradient material. The two assumed strain-energy
densities are nevertheless quite different: In the crack case, both
volumetric and surface energy gradient terms are considered but
only for shear deformations (four material coefﬁcients) whereas,
in the dislocation case, the gradient effect applies to all deforma-
tions but results from a volumetric energy term only (three
material coefﬁcients). Both forms are particular cases of the most
general expression of the strain-energy density which involves
not less than 300 material coefﬁcients (reduced to seven in the
case of isotropy). Thus, the question arises: which is the appropri-
ate form of the strain-energy density for a FGM? According to the
presented homogenisation procedure, the strain-energy density
does not depend on all strain-gradient components, which implies
that many material coefﬁcients are zero. The values of the remain-
ing coefﬁcients and thus the possible symmetries of the strain-
energy density function (isotropy, orthotropy, etc.) depend on the
microstructure of the chosen graded cell. This will be illustrated
hereafter.
3. Linear elastic graded layered material under plane strain
Under the plane strain hypothesis, the most general expression
of the strain-energy density for a linear elastic strain-gradient
material involves 45 material coefﬁcients. Owing to the second-or-
der homogenisation, only one (K221) out of the six strain gradients
should appear, which means that 35 coefﬁcients are zero. The
remaining 10 coefﬁcients are also the coefﬁcients of the symmetric
4  4 stiffness matrix relating the macroscopic stresses and double
stress ðR11;R22;R12;M221Þ to the macroscopic strains and strain
gradient (E11,E22,2E12,K221). Since the constitutive law of the dif-
ferent materials constituting the graded composite is linear elastic,
the superposition principle applies and the solution of any localisa-
tion problem may be obtained as a linear re-combination of the
four elementary solutions where all four macroscopic strains E11,
E22, E12 and K221 are zero but one.
Hereafter, the second-order homogenisation is carried out on
two particular graded materials, both characterised by a layered
microstructure. In the case of a layered basic cell, each elementary
solution can be found assuming that the microscopic strain ﬁeld is
constant or afﬁne in x1 over each layer. The ﬁrst case is purely aca-
demic but has the merit to yield simple closed form expressions of
the macroscopic relationships. The second case is a rough approx-
imation of a two-phase graded material with an arbitrary volume
fraction gradient. The macroscopic relationships can still be de-
rived analytically but are too cumbersome and will be illustrated
graphically.3.1. Grading of the mechanical properties
Let us consider a graded layered material in which all layers
have the same thickness l and are made of linear elastic isotropic
materials (Fig. 9, left). Let us further assume that the Lamé coefﬁ-
cients of two successive layers i and ðiþ 1Þ are proportional, that is
to say,
kiþ1 ¼ kki
liþ1 ¼ kli
(
ð46Þ
Therefore, the second-order homogenisation may be performed
on the generic double cell shown in Fig. 9, right, where the sub-
scripts have been deliberately omitted. The displacement ﬁeld
solution of the localisation problem (41) under the strain con-
trolled loading (43) is
u1ðx1;x2Þ¼
2kx1E11
kþ1 þ 4kx2E12kþ1 þ kðk1Þx1E22ðkþ1Þðkþ2lÞ
kx21þðkþ2lÞx22ð ÞK221
2ðkþ2lÞ if x160
2x1E11
kþ1 þ 4x2E12kþ1  kðk1Þx1E22ðkþ1Þðkþ2lÞ
kx21þðkþ2lÞx22ð ÞK221
2ðkþ2lÞ if x1P0
8><>:
u2ðx1;x2Þ¼ x2E22þK221x1x2
ð47Þ
up to a rigid-body displacement, so that the macroscopic behaviour
is given by the following relationships:
R11
R22
R12
M221
26664
37775¼ 2kkþ1
kþ2l k 0 0
k 1þðk1Þ2lðkþlÞ
kðkþ2lÞ2
 
ðkþ2lÞ 0 ðk21ÞðkþlÞll2kðkþ2lÞ
0 0 l 0
0 ðk
21ÞðkþlÞll
2kðkþ2lÞ 0
ðkþ1Þ2ðkþlÞll2
3kðkþ2lÞ
2666664
3777775
E11
E22
2E12
K221
26664
37775
ð48Þ
with
R33 ¼ 2kkkþ 1 E11 þ 1þ
ðk 1Þ2l
2kðkþ 2lÞ
 !
E22 þ ðk
2  1Þll
4kðkþ 2lÞK221
 !
ð49Þ
In (48), only 6 out of the 10 material coefﬁcients of the symmetric
stiffness matrix are non-zero, revealing that the equivalent material
is orthotropic. It is worth noting the term coupling R22 with K221
and, symmetrically,M221 with E22. Such a coupling between the ﬁrst
and second gradient components is inherent to the grading and
means that second gradient effects (double stress and/or strain gra-
dient) are present even under a uniform strain or stress state. This
coupling had already been noticed by Zuiker and Dvorak (1994)
for a particulate-reinforced FGM analysed through an extended
Mori-Tanaka method. However, these authors obtained a non-sym-
metric stiffness matrix because, instead of couple stresses, they
used stress gradients, which are not the right work-conjugates for
strain gradients. It is also interesting to note that, only one of the
two constitutive relationships of gradient elasticity postulated for
FGMs (Paulino et al., 2003; Chan et al., 2008) exhibits such a cou-
pling. However, further investigations are needed to check
whether/when the postulated coupling, which results from a sur-
face strain-gradient energy term, can coincide with the coupling
found through the second-order homogenisation. The presence of
the thickness l in the coefﬁcients related to the second gradient (last
column/line of the stiffness matrix) shows that the macroscopic
behaviour depends on the absolute size of the basic cell, which is
not the case for the ﬁrst-order homogenisation. This size-effect is
inherent to the non-local character of the second-gradient
modelling.
The classical homogenisation results (Boutin, 1996) are recov-
ered if the second gradient K221 is set to zero (‘‘plane strain-gradi-
ent” hypothesis):
λ, μ
l l
2x
1x
Fig. 9. Layered material with graded properties and chosen double cell.
Fig. 10. Deformed cell and stresses at the boundary under pure vertical extension
according the ﬁrst-order method (left) and the second-order method (right).
l l0 L
Fig. 11. Layered material with graded geometry and chosen double cell.
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R022
R012
264
375 ¼ 2k
kþ 1
kþ 2l k 0
k 1þ ðk1Þ2lðkþlÞ
kðkþ2lÞ2
 
ðkþ 2lÞ 0
0 0 l
2664
3775
E11
E22
2E12
264
375
ð50Þ
with
R033 ¼
2kk
kþ 1 E11 þ 1þ
ðk 1Þ2l
2kðkþ 2lÞ
 !
E22
 !
ð51Þ
Conversely, the ﬁrst gradient equivalent material, given by the sec-
ond-order homogenisation, is obtained by setting the momentM221
to zero (‘‘plane double-stress” hypothesis), so that
K221 ¼  3ðk 1Þ2ðkþ 1Þl E22 ð52Þ
and
R111
R122
R112
264
375 ¼ 2k
kþ 1
kþ 2l k 0
k 1þ ðk1Þ2lðkþlÞ
4kðkþ2lÞ2
 
ðkþ 2lÞ 0
0 0 l
2664
3775
E11
E22
2E12
264
375
ð53Þ
with
R133 ¼
2kk
kþ 1 E11 þ 1þ
ðk 1Þ2l
8kðkþ 2lÞ
 !
E22
 !
ð54Þ
The comparison of the two systems (50), (51) and (53), (54) con-
ﬁrms that the ﬁrst gradient equivalent material resulting from the
second-order homogenisation is less stiff than the one resulting
from the classical (ﬁrst-order) homogenisation. This may be evi-
denced by imposing the same macroscopic strain state
(E11 = E12 = 0, E22– 0) on both materials. The resulting stresses
R122 and R
1
33 are lower than their classical counterparts R
0
22 and
R033. The respective solutions are shown in Fig. 10 in terms of dis-
placement ﬁelds and stresses at the boundary. Conversely, both
materials behave the same when submitted to a pure elongation
along x1 (E12 = E22 = 0, E11– 0) or a pure shear deformation
(E11 = E22 = 0, E12– 0) but this is due to the particular microstruc-
ture considered. For a quasi-periodic material without any plane
of symmetry, the stiffness matrix (48) is generally full so that
choosing K221 = 0 orM221 = 0 leads to completely different matrices.
3.2. Grading of the geometrical properties
Let us now consider a graded layered material made of two dif-
ferent isotropic phases disposed in alternating layers of varying
thickness so that a progressive transition between the two phases
is achieved over a given macroscopic length L (Fig. 11, left). The
Lamé coefﬁcients of the phases are again assumed proportional,
ðk;lÞ for phase I and ðkk; klÞ for phase II. The thickness of the suc-
cessive layers is deﬁned by a volume fraction gradient gðx1Þ and a
microscopic length l in the following way: in each abscissa x1 ¼ il,where i is an integer, is centred a phase I layer of thickness lgðilÞ,
surrounded by two identical phase II layers of thickness
lð1 gðilÞÞ=2. The material is therefore the juxtaposition of ‘‘sand-
wich” basic cells of the same size l but containing a central layer of
varying thickness. The phase II volume fraction gradient is chosen
to vary from 0 (pure phase I) to 1 (pure phase II) in a monotonic
way according to a sigmoid law:
gðx1Þ ¼
1
1þ eb 1
2x1
L

   1
1þ eb
1
1þ eb 
1
1þ eb
ð55Þ
The parameter b characterises the transition between the two
phases: the larger it is the steeper is the gradient. A linear gradient
is obtained for b! 0, while a step gradient is obtained for b!1
Fig. 12. Volume fraction gradient for different values of b. Fig. 13. Inﬂuence of the ratio l=L on the relative difference (in %) between the ﬁrst-
order and second-order homogenised stiffness proﬁle for b ¼ 5 and k ¼ 10.
Fig. 14. Inﬂuence of the contrast k on the relative difference (in %) between the
ﬁrst-order and second-order homogenised stiffness proﬁle for b ¼ 5 and l=L ¼ 1=16.
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less continuously depending on the choice of the microscopic
length l: for smaller values of the ratio l=L, more cells are required
to cover the total macroscopic length L so that the differences be-
tween two neighbouring cells are less pronounced, and the results
of the second-order homogenisation are then expected to converge
towards the results of the ﬁrst-order homogenisation. The objective
is here to quantify the relative difference between the obtained
ﬁrst-order and second-order equivalent materials, under various
combinations of the parameters l=L (micro–macro length ratio), k
(contrast) and b (grading steepness). Actually, the signiﬁcance of
the second-gradient terms should be assessed by comparing the
solutions of the same problem (e.g. torsion or bending of a beam)
with the two equivalent materials. Such solutions are nevertheless
not yet available in case of coupling between the ﬁrst and second
gradient components. Therefore, a convenient although limited
alternative is simply to compare the two ﬁrst-gradient homoge-
nised materials, solutions of problems (44) and (45), respectively.
Both homogenisation procedures are performed on the same
double cell (Fig. 11 right) so as to exclude possible deviations
linked to the variation of the cell domain. The obtained macro-
scopic relationships are similar to the ones found in the previous
example (Eqs. (50), (51) and (53), (54)), with non-zero terms
now depending on the abscissa via the volume fraction gradient
g Again too long to be reported here. The expressions are however,
the difference between the two materials is conﬁned to two coef-
ﬁcients of the stiffness matrix, namely Ci2222 and C
i
3322, where
i ¼ 0 for the ﬁrst-order homogenisation and i ¼ 1 for the second-
order one. The relative difference between the homogenised stiff-
ness proﬁles parallel to the layers, i.e. C02222  C12222
 
=C02222, is plot-
ted in Fig. 13–15 for different combinations of the parameters l=L; k
and b. As expected, the difference between the two equivalent
materials decreases when the ratio l=L decreases (Fig. 13) and also
when the contrast k decreases (Fig. 14). The greatest difference is
not achieved at x1 ¼ L=2 where the volume fraction gradient is
the steepest, but for a smaller abscissa, which is independent of
the ratio l=L but decreases as the contrast k increases. The inﬂuence
of the grading steepness (Fig. 15) depends on the range considered:
for large values of b, the greatest difference increases as b increases
and is achieved closer to the middle point for larger b; for smallvalues of b, the greatest difference is achieved on the lower bound-
ary (at x1 ¼ l=2) and increases towards a ﬁnite value as b decreases
towards 0. This apparent contradiction is due to the fact that, con-
trarily to what occurs around the middle point, the steepness of the
volume fraction gradient near the origin increases when b
decreases.
This example indicates that the difference between the ﬁrst-or-
der and second-order materials can be signiﬁcant. However, fur-
ther investigations are needed to conﬁrm it on more realistic
geometries and through more accurate comparisons. This can only
be done numerically in ﬁnite element codes offering both ﬁrst-gra-
dient and second-gradient continuum formulations. However, the
latter formulation is required only for assessing the signiﬁcance
Fig. 15. Inﬂuence of the gradient steepness b on the relative difference (in %)
between the ﬁrst-order and second-order homogenised stiffness proﬁle for k ¼ 10
and l=L ¼ 1=16.
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them.
4. Conclusions
The homogenisation theory for periodic composite media has
been generalised to the case of quasi-periodic composite media,
in which the unit cell changes gradually along one or more direc-
tions. This has been done in the simplest case of a two-dimensional
(plane strain) material with one grading direction along x1. The
equivalent material obtained through this second-order homoge-
nisation method is a particular second gradient material in which
only one component of the strain gradient should be taken into ac-
count, namely e22;1. It can be anticipated that more (but not all)
components of the strain gradient will be required for a higher
number of dimensions and/or grading directions. This generalisa-
tion will be the subject of future developments.
The second gradient theory therefore appears as the natural
framework to appropriately handle functionally graded materials
at the macro-level. The second gradient modelling of FGMs could
lead to an original interpretation of the observed beneﬁcial effects
of the grading on the mechanical behaviour of composite materi-
als. However, to the author’s knowledge, this approach has been
scarcely investigated. One of the reasons is probably the lack of
knowledge about the appropriate constitutive law to be used.
The presented second-order homogenisation procedure makes
it possible to derive the characteristics of the equivalent second
gradient material from the knowledge of the microstructure and
of its grading. To this end, the concept of basic cell valid for a peri-
odic medium has been extended so as to include also the grading
characteristics of a quasi-periodic medium: two (or more) succes-
sive basic cells in the grading direction should thus be considered.
Analogously, the concept of representative volume element (RVE)
for a statistically homogeneous medium can be easily extended
to a graded medium simply by removing the statistical homogene-
ity requirement: the RVE of a graded material is thus graded as
well.Second gradient models are characterised by the existence of an
intrinsic length scale (non-local model), which is here directly re-
lated to the microstructure of the graded composite material. This
may confer some very interesting properties to the associated
numerical model (size-effect, mesh-independency in case of local-
isation) but should be checked carefully.
Nevertheless, there are still areas where further developments
are needed. As already mentioned, for a given neighbourhood,
the homogenised material depends on the choice of the RVE (dou-
ble cell, N-tuple cell, average graded cell). This dependence should
be quantiﬁed and its relevance assessed on examples. This sensibil-
ity analysis should also consider the inﬂuence of the neighbour-
hood size since the second-order homogenisation can be
performed either on a dense array of small neighbourhoods or on
a coarse array of large neighbourhoods. Eventually, this sensibility
analysis should be converted into guidelines for the implementa-
tion of the second-order homogenisation (e.g. criteria for the suit-
ability/need of a second-order scheme, minimum/maximum size
of the ﬁnite elements for the macroscopic analysis, recommended
RVE for the microscopic analysis, etc.). Moreover, possible links be-
tween ﬁrst gradient materials exhibiting a continuous variation of
properties (traditional modelling of FGMs) and second gradient
materials (proposed modelling of FGMs) should be examined. Fi-
nally, the ﬁrst-order homogenisation for periodic media has been
generalised, on the one hand, for rapidly varying macroscopic
strain ﬁelds (Kouznetsova, 2002) and, on the other hand, for qua-
si-periodic media (FGMs) in the present work. In both cases, the
derived second-order homogenisation leads to a second gradient
equivalent material. Future developments should address the
problem of FGMs submitted to rapidly varying macroscopic strain
ﬁelds since FGMs are often used under such conditions (e.g. con-
tact problems, thermal shields) with the scope of improving the
performance of the corresponding structures.
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